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Abstract.

The paper consists of two parts. In the first part, we propose a procedure to estimate
local errors of low order methods applied to solve initial value problems in ordinary dif-
ferential equations (ODEs) and index 1 differential-algebraic equations (DAEs). Based
on the idea of Defect Correction we develop local error estimates for the case when
the problem data is only moderately smooth. Numerical experiments illustrate the
performance of the mesh adaptation based on the error estimation developed in this
paper. In the second part of the paper, we will consider the estimation of local errors
in context of stochastic differential equations with small noise.

AMS subject classification (2000): 65L06, 65180, 65150, 65L.05.

Key words: Local error estimation, Step-size control, Adaptive methods, Initial Value
Problems, Differential-algebraic equations, Defect Correction.

1 Introduction.

In this paper we are interested in the design of error estimates for the local er-
rors arising during the numerical integration of classical ODEs and DAEs. Our
main concern is to deal with only moderate smoothness of the problem data
and the solution. Our motivation for considering this type of difficulty are ap-
plications in electrical circuit simulation, where the models often contain data
with poor smoothness. In a consecutive paper dealing with stochastic differen-
tial equations and stochastic differential algebraic equations, we will focus our
attention on the case of small noise, where the dominant part of the local error
still exhibits deterministic behavior. The results derived here will provide the
necessary techniques for this further development and therefore we decided to
discuss them in a detailed and comprehensive manner.

Our ideas originate from the well-known principle of Defect Correction which
can be utilized to estimate local and global errors of discretization schemes in the
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by the DFG Research Center MATHEON in Berlin.
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context of both, initial and boundary value problems in ODEs. Defect Correc-
tion also constitutes the acceleration technique called Iterated Defect Correction
(IDeC). An overview of the Defect Correction method in which we motivate and
describe the ideas behind it, is given in Section 2. In Section 3 we show how
this technique can be used to provide a reliable error estimate for systems of
ODEs. The essential feature of the error estimation procedure is that it should
not require more smoothness of the solution than the numerical solver itself. In
Section 4 we discuss several modifications of this technique in context of DAEs.
In both cases, we are mainly interested to cover the case of only very limited
smoothness. We propose a step-size control algorithm based on the local error
estimation in Section 5 and finally, we report on numerical experiments illus-
trating the performance of the code in Section 6.

2 Principles of Defect Correction.

For the reader’s convenience, we now give an overview of the Defect Correction
technique, referring to the literature for further details. Our aim is not only to
describe the main ideas but also to show the importance of the way how the
defects are evaluated, because this is a crucial point when it matters how much
smoothness we need to require for the method to work. By only choosing a
proper way of defect evaluation, we can show that method performs well with
less smoothness requirements posed on the analytical solution. We first deal
with initial value problems for ODEs of the form

(2'1) x/(t) = f(tvx(t))’ te \77 x(to) = Zo,

where J = [to,tend), ©: J — R™, f: J xR™ — R", and assume that (2.1) has
a unique solution z = x(+;tp, zo).

Before presenting possible realizations of the Defect Correction approach, we
briefly discuss its main principle, cf. [31]. Let us first define the original problem,

(2.2) F(u)=0

whose exact solution will be denoted by u*. We can view (2.2) as the analytical
problem (2.1) but also as an ideal, defect defining discretization scheme of high
order. Moreover, let

(2.3) F(u)=0

specify a discretization scheme with the exact solution u. We usually identify
(2.3) with a basic solver of low order. Finally, we assume that an approximation
v for u* is given and note that v does not necessarily need to be a solution of
(2.3), and consequently, F'(v) # 0, in general.

In order to estimate the global error of v, we proceed as follows: We first

calculate the defect of v by

(2.4) F(v) = d
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and then solve the perturbed problem (2.3),
(2.5) F(h)=d.

Now, we have

(26) v—uw=F'Fv)—F 'Fw)~F'd—F 0= h—1u .
N—— N——

error estimate

In case that v solves (2.3), F(v) = 0, v = @ holds and the global error is related to
the difference of solutions of the perturbed and unperturbed problems, F (h)=d
and F(v) =0,

v—u'r~ h—wv .

—_——

error estimate

We argue similarly to estimate the local truncation error defined by F (u*). In
this case, in addition to d = F(v), we also require d,

F(v)=:d
This yields,
2.7 F(u*) = F(u*) — F(u*) =~ F(v) — F(v) = d—d
(2.7) (u") = F(u") = F(u") = F(v) — F(v)
error estimate

and in case that v is a solution of (2.3), F(v) = 0, and thus d = 0, we obtain

(2.8) Fu)= —d
—— ~~~
error estimate

Clearly, this general discussion may be useful for a better understanding of
the Defect Correction method but the specifications are not precise enough to
put the method to work in practice. This question will be addressed in the next
sections.

2.1 FEstimate for the global error, IDeC.

Since its introduction in the 1970’s, cf. [12], [31], [33], the idea of IDeC has been
successfully applied to various classes of differential equations. The method is
carried out in the following way: Compute a simple, basic approximation and
form its defect w.r.t. the given ODE via a piecewise interpolant. This defect is
used to define a neighboring problem whose exact solution is known. Solving
the neighboring problem with the basic discretization scheme yields a global
error estimate. This can be used to construct an improved approximation, and
the procedure can be iterated. The fixed point of such an iterative process
corresponds to a certain collocating solution. Let

(2.9) Di={to<t1 <...<t; < <ty =tend}
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be a partition of the interval J. We denote the length of the subinterval [t;_1, ¢;]
by h; = t; —t;_1,7i = 1,...,N. Let h be the maximal step-size of I, h :=
maxi<;<n N;. For the subsequent analysis we assume that the step-size h is
sufficiently small to guarantee the convergence of the involved numerical schemes
and the asymptotic regime of the error estimates.

For the IVP (2.1) the IDeC procedure can be realized as follows: An approxi-
mate solution x{?] = (:c([)o], x[lo], . ,xz[o], . ,x[Ig]) is obtained by some discretiza-
tion method on the grid I'. For simplicity assume that a?[ro ) has been computed
by the backward Euler scheme (BEUL),

(2.10) % = f(tiyzi), i=1,...,N.

Using the polynomial pl°! (t) of degree < N which interpolates the values of m{? ],
pl(t;) = x5, i =0,..., N, we construct a neighboring problem

(2.11) 2 (t) = f(t,x(t)) +dOt), x(to) = o,

where dl(t) denotes the defect w.r.t. (2.1),

(212) a(e) = Sr0) ~ £,

We now solve (2.11) using the same numerical method as before to obtain an
approximation p%o ) for the exact solution pll(¢) of (2.11). Note that for (2.11)
we know the global error given by p{? I Rrpl%, where Rp denotes the restriction

operator [tg, tena] — I'. Assuming x{? I to be a good approximation for Rrz and

therefore pp] to be a good approximation for x(t), we may expect d%(t) to be
small and the problems (2.1) and (2.11) to be closely related. Consequently, the
global error for the neighboring problem (2.11) should provide a good estimate

for the unknown error of the original problem (2.1)

(0] ~ 0] 0
Tp' — Rpx XN pr o — Rpp[ ],
error error estimate

cf. (2.6). The approximation p{f)] — Rrpl% of the global error of the original
problem can now be used to improve the numerical solution of (2.1),

(2.13) xg] = x%?] — (p%?] — RFP[O]).

The values ;1:%1] are used to define a new interpolating polynomial pltl(¢) by

requiring pl*(¢;) = mgl] and pl!l(t) defines a new neighboring problem analogous
to (2.11). This procedure can be continued iteratively in an obvious manner.
In practice one does not use one interpolating polynomial for the whole interval

[to, tena]. Instead, piecewise functions composed of polynomials of (moderate)
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degree m are used to specify the neighboring problem. For sufficiently smooth

data functions f(t,z) it can be shown that the approximations x{f’ ] satisfy

(2.14) d_at)=0m*tY), v=0,...,m—1.

K3

One of the most attractive features of the IDeC procedure is, that its fixed
point is a certain superconvergent collocation solution of (2.1). In [6] and [7] a
variety of modifications to this algorithm have been discussed. Some of these
have been proposed only recently, and together they form a family of iterative
techniques, each with its particular advantages.

Clearly, in each step of the classical IDeC procedure, we obtain not only an
improved approximation x{f’ I for the exact solution values Rrz, but also an

asymptotically correct estimate p?j - Rrp”~1 for the global error of the

basic method 1{9] — Rrx:
(! =M (t) = (@ — () =
(! = pt (1)) — (@ — 2l @l () = oY,

=0

v=0,...,m—1. Similarly, in each step of the iteration the difference x%”]fx%”'ﬂ]

can serve to estimate the global error x[ry ]—Rpx of the current approximation

A

(;CEll] - :EEVH]) - (acgu] —z(t;) = —(mEDH] —2(t;)) =0, v=0,...,m — 1.
———

=O(hvt1)

The DeC principle can also be used to estimate the global error of higher order
schemes. It was originally proposed by Zadunaisky in order to estimate the global
error of Runge-Kutta schemes. In this original version discussed in [9], [33],
the error estimate for the high-order method is obtained by applying the given
scheme twice, to the analytical problem (2.1) first, and to a properly defined
neighboring problem next. In [12] and [31], this procedure was modified in order
to reduce the amount of computational work. Here, the high-order method is
carried out only to solve the original problem. Additionally, a computationally
cheap low-order method is used twice to solve the original and the neighboring
problem. We refer to [4] and [5] for further variants of the above error estimation
strategies.

2.2  Estimate for the local truncation error in the IDeC' context.

In [10] and [11] another variant of the IDeC procedure based on the estimation
of the local truncation error was introduced. Let us again consider problem (2.1)
and its numerical solution xp obtained by the backward Euler scheme (2.10). If
we knew the exact values of the local truncation error per unit step,

l’(tz) - x(ti,l)

(2.15) I = SR f(ta(t), =1 N,
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and if we solved the perturbed BEUL scheme

(2.16) -

:f(tmyz)+lfsa i= ]-77N7

then we would recover the correct values of the solution, y; = x(t;), i =1,..., N.
In practice we need to estimate the values of [}**. For this purpose consider m
adjacent points to t;, say t;_m,ti—mt1,---,ti—1, and define a polynomial ¢;(t)*
of degree < m by requiring ¢;(¢t;) = z;, i =i —m,...,i. Using this polynomial
we now construct the problem,

(2.17) zi(t) = f(t,xs(t) + di*(t), t € [timm,ti], xi(to) = qi(to),
where
(2.18) d¥e(t) :==qi(t) — f(t,q(t)), i=1,...,N.

We again can expect that ¢;(¢) is a good approximation for z(t) in the interval
[ti—m, ti]. Outside of [t;_,,t;] the polynomial ¢;(t) may differ significantly from
x(t). Therefore, we could view (2.17) as a local neighboring problem for (2.1).
Since ¢;(t) is the exact solution of (2.17), we know the associated local truncation
error at t;,

g:% — s ai(t) — g(t) + [t ai(t)

(2.19) :%—qg(ti), i=1,...,N,

1
and thus we can use £¥° to estimate [¥® in (2.16). Obviously, this process can be
iteratively continued. However, in this paper, we are not interested in applying
the related acceleration procedure, but in using the above idea to reliably esti-
mate local errors of numerical methods for IVPs and consequently, to provide a
basis for a step adaptation strategy.

We stress that we do not necessarily need to evaluate the defect in a way
described in (2.18). In fact, it turns out that a modified defect definition will be
more suitable in the case of very moderate smoothness in z. All we need is the
property that ¢;*° is an asymptotically correct error estimate for [},

(2.20) 045 =18+ O(h?), i=1,...,N.

This requirement is motivated by the fact that for the backward Euler scheme
both, ¢** and I¥* are O(h;). Depending on the choice of d* condition (2.20)
holds under different smoothness requirements on z. It has been shown in [3]
in context of equidistant grids that = € C5[tg, tena) is sufficient for d¥* specified
via (2.18) to guarantee that (2.20) is satisfied.

IWe denote this polynomial by ¢; and not by p;, as in the previous section, in order to
underline that it is a local approximation for z(t),¢ € [ti—m, ;]
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The following form of d}® suits both, less smooth solutions of (2.1) and arbi-
trary grids, see [4]:

qi(ti) — qi(ti-1) 1

d;® = Y P i(f(ti—la @i(tic1)) + f(ti, qi(t)))
(221) = xlihi‘fl_l — %(f(ti_l,iti_l) =+ f(fi, .Z‘l)) = %(f(fi, l’i) — f(ti_l,:zzi_l)).

For o € C?[tg, tena) we have

T — Ti_1 T; — Ti_1
i = % = f(ti, zi) — %+

(fltimr, zioa) = f(ti, 1))

(f(tic1,mima) + f(ti, 1))

N —

(222) =

N | =

Recall that
i) — 1
(223) Z;JS == — f(t“l‘(tl)) = —§h7;IN(ti) —+ O(hi),

and thus

%

(2.24) 04— = };i<$”(ti) - %(f(thxi) - f(fz‘h:ml))) + o(hi)

=Af;
with
Afi=(f(tix:) = f(ti,z(t))) — (f(tim1, @im1) — f(tio1, 2(tim1)))

=Ji(xi—z(t;)) =Ji—1(wi—1—x(ti—1))

—(ftim1,z(ti-1)) — f(ti, 2(t))),

where Jl = fol fﬁ(ti,szi + (1 - S)I(tl)) dS, Ji—l = fol fz(ti_l,sxi_l + (1 —
s)x(t;—1)) ds. Here, we assume that the right-hand side f is continuously differ-
entiable with respect to z. From

Tr; — $(t1) =T;—1 — l’(ti_l) + hlf(tz,l’z) — hl-a:'(ti_l) -+ O(h?)
=xi—1 — x(tim1) + hif (i, i) — ha f (ti, 2(t:)) + ha f(ts, 2(t:))
— hi(.’L‘/(ti) + O(hl)) + O(h?) =T;_1 — Q?(ti71) + O(hlz)

we have

Afi=Ji(zi — 2(t;) — Jim1(zim1 — 2(ti1)) — (2" (tim1) — 2" (4:))
= Ji(zi—1 — x(ti—l) + O(h?)) — Ji—l(xi—l — m(ti_1)) + hiwll(ti) + O(hl)
= hil'”(ti) + (JZ — Jz;l)(l'ifl — {L'(ti71)) + O(hi),

=0(h7)
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and consequently,

e — s = % <x”(ti) - h%(hix”(ti) + o(hi))) + o(h;) = o(h;).

Using similar arguments one could show that for « € C3 [to, tend]s
£ -1 = 0(n?)

holds.

Here, a remark is in order. In the above calculations we have taken advantage
of the fact that in (2.24), 2" is approximated by differences of f-values. Note that
the weighted sum of f-values in (2.21) can be related to a certain quadrature rule,
cf. [6]. The defect evaluation in (2.21) can also be regarded as a substitution
of the solution obtained from the numerical scheme of order m — 1 = 1 into
another scheme of higher order, in this case of order m = 2. This idea is widely
used in the design of error estimation procedures based on residual control. Its
generalization in context of multi-step schemes will be discussed in the next
section.

For the defect definition (2.18) we would have obtained

(2.25) 0 = = % (2" (t;) — ¢/ (t:)) + O(h?), i=1,...,N,

which means that in this case 2" would be approximated by ¢/, where ¢; is a
polynomial interpolating the values of zr. The different defect definitions (2.18)
and (2.21) result in canceling of f(t;,¢;(t;)) terms in (2.19) and (z; — zi—1)/h;
terms in (2.22), respectively.

3 Estimates of the local error via defect evaluation.

We now exploit the advantages of the defect evaluation defined via (2.21)
in context of a general multi-step scheme. We consider two different multi-
step schemes, the basic one which we identify with the solver scheme, and the
auxiliary one which is used to define the defect for the estimation of the local
discretization error of the basic scheme. We first analyze the relation between
the defect and the local error in context of two general schemes of order p and
P, respectively, and then apply the results to order one and order two schemes,
to derive working formulas for the implementation.

8.1 Linear multi-step schemes.

Consider a linear multi-step scheme for the ODE (2.1) carried out on the
grid T,

k K
(3.1) Zaj,imifj =h Zﬁj,if(ti—pxi—j)» i=Fk,...N,
=0 =0
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with given initial values xg, z1,...,2x—1 € R™. Let the coefficients of the scheme
be normalized in such a way that ag;=1. The local truncation error? [; of the
scheme (3.1) is given by

k k
(3.2) lz = Zaj,ix(ti,j) _hiZﬁj,if(tiij-r(tifj)% 1= ]{Z,N
7=0 7=0

The linear multi-step method (3.1) is called consistent of order p > 0 if |[;| =
O(hP*1), where | - | denotes a vector norm in R".

We identify (3.1) with a given solver routine providing an approximation for
the solution of (2.1). Our aim is to design an error estimate for the local trunca-
tion error of this approximation which does not need more smoothness to work
than the approximation procedure itself. For this purpose we use an auxiliary
scheme,

k
dj,i-i‘ifj: E ’Lf i—js Ti— j) 1=k, ..N,
=0 =0

M=

(3.3)

with given values g, Z1,...,Z5_; € R™ and ap; = 1. As before, the local
truncation error of (3.3) is given as

k
(34) Zz = Z Qj lx
=0

and the scheme (3.3) is of order of consistency p if |I;| = O(hP*!) holds. In this
section, we are particularly interested in the case p = p.
We first discuss the properties of the defect, defined by

k
(35) = Z Q5 Ti—j —
7=0

obtained by substituting the approximations z; computed from (3.1) into the
scheme (3.3). Let us assume that the starting values for the schemes (3.1) and
(3.3) are exact, and denote the solutions computed after the first step by ¥ and
Z7 respectively,

Mm

zf i—jy L ti— J>)7

7=0

Mm

zf i—jrLi— j) Z:k7N7
7=0

k

(3.6) Zaﬂx i—j) + hifo,if(ti,x}) + hi Zﬂﬂf i w(tizg)),
j=1 j=1
E k

(3.7) Z@ iw(tig) + hiBo.i f (ti, ZF) Z Lif (b g, @ (tiog),

21t is defined by substituting the values of the exact solution into the scheme. Note that
now the scaling of the numerical scheme is different from (2.10). The local truncation error,
l;, is related to the local truncation error per unit step, I}*°, by I; = h;l}°.
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for i = k,...N. For explicit schemes (8y; = 0 and fy; = 0) we immediately
have
li = .’L‘(tz) — l‘*

2

and [; = x(t;) — Z}

79

but in general,

(3.8) I = a(ty) =} —hifo,i (f(ts, 2(t:) = f(ts, 7)) = (I—hifo,iTi) (z(t:) — ),
and

(39) Zz = x(ti) —.’f:—hiﬁo’i (f(ti,l'(ti)) —f(ti,.’f;)) = (I_hiBO zjz> (m(tl) —.T:)

Here, J; = fol ity sz(ts) + (1 — s)ar)ds, J; = fo fh(ti, sx(t;) + (1 — s)zF) ds,
and f is supposed to be differentiable with respect to x. The properties of the
defect d; from (3.5) are formulated in the following lemma.

LEMMA 3.1. Let f(t,z) be continuous and continuously differentiable with

respect to x. Let the step-size h be sufficiently small to guarantee that the matriz
(I — hifoiJi) is nonsingular. Then the defect df defined®by

k k
(3.10) df == dex i) — hifo.if (ti, z7) Z B (ti gy x(tioy)),
satisfies
(3.11) df =1l — 1 + hi(Bo,i — Bo,i)Ji (I — hifoiJi) i

The quantities z, = and the defects d; and d; in context of backward and
forward Euler schemes are visualized in Figure 3.1. There we have
dl' = I?EUL — Ti—1 — hif(t’i—17xi—1) = SC?EUL — ZL'?EUL =X; — fi and d;k = I:( — f;k

Proo¥r. Using the definitions (3 10), (3.4) and the relation (3.8) we obtain

Bl

k
df =} — hifoif(ti,x}) + Y _ &, j)_hiZBj,if(ti*jﬂw(ti*j))

7j=1

=} — hifo,i f (ti, x}) + 1 — x(t )+hﬂozf(za (t:))
= a7 —x(t;) = hiboi (f(ti,x7) — f(ti,2(t:))) + i
= (I — hifo,iJs) (z} —z(t;)) +1;

—(T = hiBo.i i) (I = hilBoi i) "'l +1;

:[z_lz+hz(BOz ﬁOz) (I hﬂOz z) i~ a

COROLLARY 3.2. Let the suppositions of Lemma 3.1 be satisfied. Moreover,

let the schemes (3.1) and (3.8) be consistent of order p and p, respectively. For
the case p = p, we additionally assume that

(312) I = ¢; PV BT fo(BPTY) 1 =& aPED (1) BPT 4 o(RPTY),

3d¥ is obtained by substituting =} from (3.6) into (3.3)
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X exact solution
local solution -------
forward Euler

backward Euler ——=

to ti2 ti-1 f; t
Figure 3.1: The defects d; and d} in context of backward and forward Euler schemes.

with constants ¢; # ¢;, which depend only on the ratios of step-sizes.
Then we have

(i) Li=d+O0Mm"?) , if p>p,
(i) li=—df+O(h"?), if p<p,

(i) EiCjCid;+O(hf+l)7 E:ci?cid;+0(hf+l)’ if p=p.

PrOOF. Equation(3.11)immediately implies the properties(i),(ii),and(iii). O
Corollary 3.2 offers two options for designing an estimate ¢; for the local trun-

cation error I; of (3.1): According to (i¢) we may choose a higher order scheme
(3.3) to evaluate d; given by (3.5) and set ¢; := —d;, cf. (2.8). We then have

0 — 1 = —(d; — df) + O(RP).

According to (ii) we may choose a scheme (3.3) with the same order p = p to

c
evaluate d; and set ¢; := * _d;. We then have

Ci — G
C;

gi_li:,

C; — C;

(d; — dF) + o(hPT1).

In both cases ¢; can be considered as an asymptotically correct estimate for
I; only if d; — d* = o(hP™), i.e., if |d; — d?| is asymptotically smaller than the
local truncation error itself.

In Section 2.2 the defect structured as a weighted sum of f-values, see (2.21),
proved advantageous in the case when the solution x is only moderately smooth.
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To obtain this structure for the defect (3.5) we choose an auxiliary scheme (3.3)
with the same left-hand side as (3.1), i.e., @;; = &, 5 = 0,..., knae, & =
0, j = kmazs+1, ..., k, where k5 is the max1ma1 index j with a;; # 0in (3.1).
Obviously this yields
(3.13)
k k x(k,k
di:Zaj,i‘rifj Z zf i—jrLi— g Z /sz 531 (z j,%'fj)~
=0 3=0

7=0

The structure of d; displayed in (3.13) is crucial for the property that the
difference |d; — df| is asymptotically smaller than the local truncation error
itself, because it provides an additional factor h;. For the local exact solu-
tion a(t;t; g, x;_1) in df, it follows that |d; — df| = O(hP™®). The freedom
to choose the auxiliary scheme (3.3) now reduces to determine the coefficients
ﬂj,,, j=0,...,k, which additionally have to fulfill consistency conditions to en-
sure that the scheme (3.3) has at least the order of convergence p. In Sections
3.2 and 3.3 we illustrate how this principle can be realized in the context of first
and second order schemes. In Section 4 we generalize this technique to specially
structured DAEs.

What we would like to control in praxis are the local errors (x(t;) — zF) =
(I - hiﬁo,iJi)_lli, see (3.8). As long as the problem is not stiff, the values of
h;J; are small compared to the identity matrix I. In this case [; itself is a good
approximation to (z(t;) —z}). However, for stiff problems the values of h;J; can
become considerably large and therefore [; should be scaled by (I — hiﬂo’iJi)fl
or by an approximation to this matrix. Since (I — hiﬂoyiJZ—) is the Jacobian
of the discrete scheme (3.1) this matrix (or its good approximation) and its
factorization are usually available.

3.2 First order schemes.

For the first order methods we assume the analytical solution x to be in
C?[to,tend). Here we deal only with one-step schemes which simplifies mat-
ters, since the coefficients and the error constant are not step dependent. We
first consider the forward Fuler scheme.

ExaMPLE 3.1. We identify the forward Euler scheme (FEUL) with (3.1). The
related local truncation error satisfies

h?
L= = a(ti) = 2(tia) = haa' (tia) = 52" (8) + o(h?).

Thus, the forward Euler scheme has the order of consistency p = 1 with the error
constant ¢ = cppy, = % We choose the auxiliary scheme as a linear one-step
method with the same left-hand side and obtain

Ti — Tic1 = hi (Bof (ti, @) + Buf (tie1, Tiz1)),

where the coefficients 3y and 3; have to satisfy the consistency condition, 5o +
(1 = 1, to ensure that this scheme is at least consistent of order 1. Consequently,
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we arrive at the one-parameter family, where 5y = 0, 31 = (1 —6), and the local
truncation error has the form

i =10 = 2(t;)—x(ti1) —hi (02 (t:) + (1-0)2’ (t;-1)) = (2 — 9> hiz" (t;)+o(h?).
For § # 1 the order is 1 and the error constant reads ¢ = ¢ = (3 — ). The
defect d; = d? from (3.5) is given by

df = 2™ — @iy — hi(0f (ti, 25™") + (1—0) f(ti1, 2i-1))
(3.14) = —hi0(f(ti,2]™") — f(ti1, wi1)),
and the error estimate ff, the scaled defect, is

c

1
i 1
d = 240 = Shi (f(ts, ™) = ftim1, mim1)).

09—
K _0 (3

d—c
While d? depends on the parameter , the error estimate ¢; = £¢ does not. The
same error estimate is obtained for 6 = % which corresponds to the trapezoidal
rule of order 2, see (i¢) in Corollary 3.2.

It is important to note that the value of f(¢;, ;") necessary for the com-
putation of ¢; will be used in the next step of the integration procedure which
means that we do not face any additional evaluation of the right-hand side f.

EXAMPLE 3.2. We now identify the backward Euler scheme with (3.1). Here
the error constant is ¢ = cppy, = —%. For the auxiliary scheme (3.3) we have
exactly the same choices as in the previous example. Again, this results in an
error estimate ¢; independent of the free parameter . The most simple way to
derive this error estimate is to set # = 0 which means that (3.3) is the forward
Euler scheme with the error constant ¢ = cpry, = % Now, the defect d; from

(3.5) is given by
di =2 — iy = hif (tic1, @) = hi (f (L, 28) = f(tioa, @i-1))
and the resulting error estimate is
g‘ _ Ld}f‘EUL _ _ldEEUL _ _}h(f(t :L‘BEUL) _ f(t €T ))
v GFEUL _ ot T g T g iy by i—1,Ti—1))-

As in Example 3.1, the computation of ¢; does not cost any additional evaluations
of the right-hand side f.

3.8 Second order schemes.

We now deal with two-step schemes of order 2 which, for as = 85 = 0, include
the trapezoidal rule. We assume the analytical solution z to be in C3[tg, tepnal-
Except for the trapezoidal rule itself, we have to cope with variable coefficients
and error constants that depend on the ratio of the step-sizes k; = h;/h;—1. We

consider the linear two-step schemes of the form
(3.15)

ity iz +tag;xi—o=h; (50,if(ti7$i) + 01 f (i1, zim1) +/82,if(ti7271'i72))7
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normalized by the choice ag; = 1. The remaining coefficients o1 ;, @24, Bo,i, 1,4
and f(a; have to satisfy the Dahlquist’s root condition, i.e., az; € [—1,1), to
guarantee numerical stability, and three further conditions for the consistency
of order 2, namely

(3.16) l+o1;+a2; =0,
1
(3.17) —ari— (14 ;)az,i = Boi + Bui + Basi »
1
1 1 1\2 1
(3.18) 504171' + 5 (1 + ;) Qg = _61,1‘ - (1 + ;)6271' .

What remains is a two-parameter family whose coefficients can be expressed
using ag; € [—1,1), B2, € R,

(3.19) ar;=—-1—-ag,;,
1 1 1 1
51,12*—*<1+ >a2,z’_ (14—*)52@ ;
2 K 2K; K
1 1 1
Bo,i = 3t TE%O@J + 552,1' .

The error constant of the resulting method is

1 1 143 1 1 12
€ =—Z0n;— & (1 + ;) Qi — 501 — 5 (1 + ;) B2,i

6 6 2 2
1 ( 1 n 1 ) 4 ( 1 n 1 )
T M\ Tekd) T P ok ok )

In the sequel, we discuss three important second order multi-step schemes, the
implicit trapezoidal rule (ITR), the two-step backward differentiation formula
(BDF3), and the explicit two-step Adams Bashforth scheme (ABz). The ITR,

1
(3.20) Ty — Ti—1 = hy - i(f(ti,%‘) + fltic1,@io1)),
results for ay; = B2, = 0 and its error constant reads ¢;'™* = —ﬁ. The BDF5,
(ki +1)2 K2 ki +1
3.21 P T Xi— L i—2 = hym——— f(ts, 71),
(3.21) i e A I e U R e RACIED)
2
follows for B2; = 0, as; = ﬁ The related error constant is given by
2
et = —% . We obtain ABs,
K Rq
(3.22) T — i1 =h;- ((5 + 1)f(ti—17xi—1) - Ef(ti—z,xi—ﬁ),
for az; = 0, f2; = —%. The error constant is ¢;"? = 4; + ¢. The size of

ag; € [—1,1) may result in restrictions on the step-size ratio ;. In particular,
in case of BDF, this means #; € (0, 1++/2).
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We will now apply techniques developed in Section 3.1 to estimate the local
error
li=ci-h- 23 () + o(h3)

of the linear two-step scheme (3.15), (3.19). The auxiliary scheme (3.3) is chosen
to be a linear two-step scheme with the same left-hand side and coefficients
Bo.i, B1.is B2.; which satisfy consistency conditions (3.16) — (3.18). As in (3.19),
these coefficients can be represented in terms of &y ; = @2 ;, and the remaining
free parameter 32 ;. The defect d; resulting from the auxiliary scheme is now
given by

2 2
d; = Z Q;i%Ti—j — h; - Zﬁj,z’f(tz;j, Ti—j)
=0

=0
2
=hi- > (Biai— B f(tig,misy)
=0

= hi(Ba,i — Ba.i) (if(%%) -1+ %)f(ti—lvxi—l) + f(ti-2, 131'—2))7

2?3

and the parameter 3 ; is specified in such a way that the error constant of the
resulting scheme satisfies

- ki +1 - 2k2
1=¢—c=—(B2 — Poi) =, B2 — P2 = ———.
( ) 2/‘612 Ki+1

Thus, the following representation for the defect d; and the error estimate ¢;
follows:
2K, 27

tis i) = 26 f(tiz1, @i
mi+1f( x;) = 20 f(tio1, 1)+/€i+1

(3.23)  d;=h; - (
&- = Cidl' .

f(ti—a, xi72))7

Note that d; in (3.23) coincides with h}¢}(t), where gy(t) is the quadratic
polynomial that interpolates the values of f(t;,x;), f(ti—1,®i—1), f(ti—2,Ti—2).
This is due to the fact, that d} has to approximate the term

hEa®(t) = b} — f(t,x(t))(t:)

with an accuracy of o(h3) by using only the three corresponding values of f.
REMARK 3.1. Throughout this paper we are interested in providing an asymp-

totically correct estimate for the local truncation error I; of the basic scheme

(3.1). The error estimates derived up to now, rely on the assumption that the

leading term in
li = c; BT 2D (1) 4 o(hPT)

does not vanish and therefore the asymptotic behavior of I; does not change.
Unfortunately, at least in case of oscillatory solutions, there always exist time



16 T. SICKENBERGER, E. WEINMULLER AND R. WINKLER

points ¢ where the derivative :c(p“)(f) vanishes®. In the vicinity of such points
our error estimates will tend to underestimate the true size of the error, often
leading to incorrect step-size prediction and step rejections afterwards.

In order to remedy this situation we assume more smoothness and take the
next higher derivative into consideration. Let us assume that x € CP*2[tg, tpnd]
and that we have the following representation of the local truncation error of a
pth order method (3.1):

l; = C£p+ﬂ h;;?-i-lx(p—l-l)(ti) + C£p+2] hf+2$(p+2) (ti) n O(hf+2).

JFrom now on, we specify the auxiliary scheme (3.3) in such a way that the

£p+1] . C£p+1]

df =1, — i + O(h; I;)

_ hf+1x(17+1)(ti) + (E£p+2] _ c£p+2]> hf+2$(p+2)(ti) +O(h; I;) + o(hf“),

[ S
Vi

relation ¢ =1 holds. Using Lemma 2.1 we conclude

A pi2) e\ e 12
dll:}i;ﬂf(w)(tifl)JF(Eip—l -l )ﬁm(pﬂ(tifl)JrO(hili—l)+0(hf ),

i i

and therefore
df — kN = W @D (1) = 2T (1)

+hf+2 (%x(P+2) (tz) _ %x(lﬂﬂ)(ti_l)) + O(hi li) + O(hf+2),

3

or equivalently
d =/, (@) — (k)
pPt? B h;

+(ia P (t) = L1 @) (1, 1))+ O( 1/ + o(1).
.

7

(3.24)

It is clear that df/h?’"" approximates z(P+1)(t;) with order of accuracy O(h;).
On the other hand the term (df —x?*'d¥_|)/hP" is a reasonable approximation
for x(P+2)(¢;) only under certain conditions. First of all /; has to behave at least
as o(h?*") which is true when the derivative z(Pt1)(t;) is nearly zero. Secondly,
the term (y;2®+2)(t;) — 2=22(P+2)(¢,_,)) has to be appropriately small. This
is guaranteed in case when the last p steps have been executed with constant
step-size.

Motivated by the above arguments we propose to extend the error estimate
{; to (5"t by a heuristic term that only comes into play in the vicinity of time

points # where componentwise (for v = 1,...,n) x,(,p+1)(f) =0,

C7[;p+1]di7y if C£p+1]d7;,y > C£p+2] (di,l/ - Hf+1di—1,V)7
cgpﬂ]di’y + cgpﬁ](di’l, — &Py ,) else.

(3.25) e;ﬂ;:{

4For example the third derivative vanishes at points where the curvature of the solution
becomes extremal.
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Even if the term (d; — k7' d;_) arising in (3.25) does not approximate the value

of hg»p +2]:c(p+2)(ti), it prevents the error estimate from almost vanishing and con-
sequently, stops the overgrowth of the predicted step-size. The above extension
has been implemented in our code and it proved to work very dependably in
practice.

4 Index 1 DAEs.

In this section we discuss how the ideas of the previous sections can be applied
to DAEs of the form

(4.1) Ad () - f(t,2(t) =0, teJ,

where A is a constant singular n X n matrix. Due to the singularity of the matrix
A, the system (4.1) involves constraints. The solution components lying in ker A,
called algebraic components, are never subject to differentiation and the inher-
ent dynamics of the system live only in a lower dimensional subspace. DAEs are
usually classified by their index. The literature on DAEs contains a number of
different definitions of this term pointing to different properties of the considered
DAEs. Fortunately, they widely coincide in characterizing the special type of
DAEs (4.1) to be of index 1. We assume here that the DAE (4.1) has index 1
in the sense that the constraints are locally solvable for the algebraic variables.
Then the DAE (4.1) involves a coupling of a nonlinear equation solving task and
an integration task.

To be more precise we will distinguish the differential and algebraic solution
components as well as the constraints by means of projectors®

Q onto ker A, P := I —(Q along ker A, R along im A.
We split the solution into differential and algebraic components,
x=Pr+Qr = u+tv, z€R", ueimP, v EimQ.

In a correct formulation of the problem the differential operator should be applied
only to the components Pz. This is realized by writing A(Pz)" instead of Az’
and searching for solutions in the space of functions C,, , = {z € C(J,R") :
Px € CY(J,R"™)}, which is independent of the special choice of the projector P
(see e.g. [13]). In this setting, we deal with a DAE with properly stated leading
term in the sense of [18], where the matrices A and P are well-matched.

By applying the projectors (I — R) and R, we split the original system (4.1)
into a set of differential equations and constraints:
(42) A(Pz)'(t) — (I-R)f(t,z(t)) =0
(4.3) Rf(t,z(t)) =0.

5Any matrix @ is a projector iff Q2 = Q. It projects onto its image and along its kernel.
y J J g g
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Due to the index-1 assumption one can theoretically solve the constraints (4.3)
for the algebraic components Qz = v,

Rf(t,u+v)=0, Av=0 <= v=10(tu),

and insert v into the system (4.2). Finally, the system is scaled by a reflexive
generalized inverse A~ with AA~ =1 — R, A~ A = P, or equivalently, by some
non-singular matrix H with HA = P. This yields a so-called inherent regular
ODEF for the differential components wu,

(4.4) u — A7 f(t,u+9(t,u)) = 0.

It can be shown that im P is an invariant subspace of (4.4), and that (4.4)
together with x(t) = u(t) + 0(¢, u(t)), is equivalent to (4.1). In contrast to this
analytical decoupling, numerical schemes for DAEs should be directly applicable
to the original problem (4.1). We refer to the monographs [2, 8, 13, 15, 17] or to
the review papers [20, 21, 22| for a detailed analysis of DAEs and their numerics.

4.1 Linear multi-step schemes.

The straightforward generalization of linear multi-step schemes (3.1) to DAEs
(4.1) results in

k k
(45) AZaj,ixi_j _hiZﬁj,if(ti—jyxi—j) = 0, 1= k,N
j=0

J=0

The above equations contain the following constraints

k
(46) Zﬁj,in(tifjawifj) = O, ¢ = k/’,...N,

=0

that result by applying projector R. They represent a recursion in Rf (t;,x;), i =
k,...N. For consistent initial values (i.e. Rf(t;,z;) =0, i =0,...k — 1) and
implicit methods , i.e. Bp; # 0, it follows immediately that Rf(t;,z;) =0, i =
k,...N. This means that the exactly computed iterates x; satisfy the constraints
Rf(t;,z;) = 0. However, already small perturbations in the initial values or in
the right-hand sides of (4.6) would cause a disastrous error amplification if the
recursion (4.6) was not stable. The stability of (4.6) is therefore necessary for a
well-posed discretized problem. Forcing the iterates to satisfy the constraints is
the key issue that guarantees that a theoretical decoupling of the discrete scheme
(4.8) leads to the same result as the corresponding discretization of the inherent
regular ODE (4.4),

k k
(47) Zaj,iui,j — hlz ﬁj,iA_f(ti,j,ui,j + ’lA)(tifj, ui,j)) = 0, = k‘, ...N.

J=0 Jj=0
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One of the best known methods for the integration of DAEs is the BDF, which,
applied to the DAE (4.1), takes the form

k
(48) AZO&j7iIZ‘_]‘ - huBO,zf(tuxl) = O, 1= k, ...N.

j=0

This scheme involves the constraint Rf(t;, ;) = 0 that replaces recursion (4.6).
It guarantees consistent iterates x; even if the initial values were inconsistent.
Other linear multi-step schemes may need to be realized in a modified way
to guarantee a numerically stable formulation. To this end, more structural
information has to be exploited. One option is to use different discretizations of
the differential and constraint part of the DAE (4.1). For the case of explicitly

given constraints, i.e. A = (%1) and f = (?) , where A; has the full row
2

rank, this can be done via

k k
Ay Zaj,ixz;j —h; Zﬁj,ifl(ti—jaxi—j) =0,
=0

7=0
fQ(ti,Z‘,‘) =0.

For general DAEs (4.1) a related stable scheme can be formulated using R,

k k
(4.9) A Z Q;i%i—j — hi Z Bii(I — R) f(ti—j,i—j) + Rf(ti, ;) = 0.
=0

Jj=0

Note, that the solution of (4.9) also satisfies (4.5).
Another possibility is to use the projector P and to consider the scheme, see
[13],

k k
P( Z @ji%i—j — hi Z Bj.iyi—j) + Qui =0,
7=0

7=0

For implicit methods this can be equivalently written as

k k
1 1
Aﬁ : ( ﬁ@jvilﬂi_j — Zﬂj,iyi—j) — f(ti,z;) = 0,
0,7 =0 7 j=1
(4.11) pt ( k la'ixz‘f’_iﬁ'iyif’):y%
Bos — B, 9 J e s J

Again, note that the solution of (4.10) or(4.11) also satisfies (4.5).
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The local truncation error [;, defined as before by substituting the values of
the exact solution into the scheme (4.5), is now given by

k k
(412) ll = AZajyi:r(ti_j) *hiZﬂj,if(ti—jax(ti—j))a 1= k,...N,
Jj=0 7=0

and satisfies the relation

li = A(z(t;) — x7) — hifo,i (f (ti, x(t:)) — f(ti, 7))
(4.13) = (A= hifoiJs) (x(ts) — x7),

where, as before, z} is the result of a step with exact starting values z(¢;_;), j =
.k, and J; = fol fu(ti,szr + (1 — s)x(t;)) ds. Let us emphasize that the
constraint part of [; always vanishes, i.e., Rl; = 0, and that [; is related to the
local truncation error 1i*" of the dlscretlzed inherent ODE (4.7) by Ii"" = A=,
and Ali"h = [;. The local truncation error I[i"* of (4.7) is 1ndependent of the
scaling of the given DAE and can be represented by an asymptotic expansion

(4.14) 1inh = ¢ (Pz) PO (1) RPH 4 o(hET),

provided that the applied linear multi-step scheme is of order p and that Pz €
CP*1. The local truncation error l; defined by (4.12) depends on the scaling of
the DAE (4.1). Instead of (3.12) or (4.14) we have

(4.15) Li = ¢; (Ax) PV () BT+ o(hY ™) = e A(P2) PV () BT+ o(R]T),

provided that Az € CP*1, or equivalently, Pxr € CP*!. Approximations to i
will estimate the local error in the dynamic solution components Pz(t;), while an
approximation to /; will approximate the local error of Az(¢;). An approximation
to the local error in the complete solution vector x(¢;) can be defined via the
1dent1ty I‘(t,) - 1‘; = (A - hiﬂO,iJi)illia see also [27] The matrix (A - hiﬂO,iJi)
is the Jacobian of (4.5) and it is nonsingular for sufficiently small step-sizes h;,
cf. [13].

As before in context of ODEs, we use a second linear multi-step method with
coefficients @ ;, (3;i, and analyze the defect d; of the computed iterates with
respect to this second scheme.

LEMMA 4.1. Let the DAE (4.1) be of index 1 and let f(t,x) be continuous and
continuously differentiable with respect to x. Let the step-size h be sufficiently

small to guarantee that the matriz (A— hiBo,iJ;) is nonsingular. Then the defect
d;y defined by

Mm

(4 16) : +Zajzx 1— ] hﬁOlf tlax ],lf i—js L l ]))a

satisfies

(4.17) df =1 —l; — hi(Bo,i — Bo,i)Ji (A — hiBo,iJi) L.
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The proof is fully analogous to that of Lemma 3.1.
Since the DAE (4.1) is of index 1, (A — Bh;J;)"Y(I — R) = O(1) holds and
hence an analogue version of Corollary 3.2 applies.

COROLLARY 4.2. Let the suppositions of Lemma 4.1 be satisfied. Let the
schemes (3.1) and (3.3) be consistent of order p and p, respectively. For the
case p = p, we additionally assume that

I = ¢ (Ax)PHO () BT 4 o(WPTY), I = & (Ax) P (8) P 4 o(hET),

with constants ¢; # ¢;, which depend only on the ratios of step-sizes.
Then we have

(i) li=df+O(™), if p>p,

(i) li=—di +O(h"), if p<p,

(iii) 1= ———d +o(h'™), ;= —"—d+o(h'"), if p=p.
Ci

C; — C; C; —

The above corollary enables us to proceed as in the ODE case and use

E
(4.18) di = A _ ajw(ti
§=0

to derive an estimate ¢; of the local error I; of (4.5). Again, we choose an auxiliary
scheme with &;; = a;; and ¢; — ¢; = 1. With these settings the representations
for the defects d; and the estimates of the local error ¢; remain unchanged.

M?m

zf i—j & ]))

7=0

Recall that ¢; approximates the local error in Ax now. Depending on the
available information we can monitor different quantities to satisfy accuracy
requirements:

i) control e; := (A — Bo;Ji) " == (A — BoiJi) teid; to match a given
tolerance for x,

iia) control e; := £; := ¢;d; to match a given tolerance for Az, or

iib) control e; := A7¥¢; := A~ ¢;d; to match a given tolerance for Px.

5 Step-size control.

Here we give the algorithmic details of a step-size control that is based on the
results developed in the previous sections. We exemplify this for the important
subclass of second order schemes, in particular for the implicit trapezoidal rule
(ITR, k := 1) and the two-step backward differentiation formula (BDFy, k := 2).
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5.1 Initialization.

Since the initial value problem itself does not supply enough information to
start a multi-step scheme any practical realization of such a scheme needs to
address the problem of the necessary initialization. In the literature, see e.g. [8],
[25], several more or less heuristic strategies to start the integration have been
proposed. The first step always has to be computed by means of a one-step
scheme. In the context of a variable step-size, variable order implementation of
the BDF; the first step is carried out using the implicit Euler scheme, where the
step-size has to be chosen in such a way that the estimated local error meets the
prescribed tolerance.

For the numerical experiments in Section 6 we performed the first step by
means of the trapezoidal rule, which is the only linear one-step scheme of order
2, but while estimating its local error we faced a problem: The formula (3.23)
providing such estimate requires the knowledge of two preceding values of the
right-hand side. However, with the iterate z; obtained from the ITR-step with
the step-size h; only one preceding value of the right-hand side is available.
Therefore, we used the estimated local error of the implicit (or explicit) Euler
scheme,

e = (o1, 0) — (o, a0)),
to control the step-size. Since now an estimate which is correct for a first order
scheme is used in context of a second order method, the first step may become
unnecessarily small. Alternatively, one may perform two steps of the ITR with
step-sizes hy; and hy = hy and estimate the local error of the ITR step by
5% = M (f(t2,w2) — 270 m2) + Flt0,70))-

Finally, both steps are accepted if this estimate satisfies the tolerance, or else
they are rejected and repeated with a smaller step-size predicted from (5.6).

After the first step has been accepted and a step-size for the next step has been
fixed the following algorithm can be carried out for any second order one-step
or two-step method. The algorithm is described in terms of the DAE problem
(4.1), but comprises also the ODE case by setting A := I.

5.2 Step-size control algorithm.

Let two initial values xg,z1 at time points tg, t1=1%g+h1, an absolute and a
relative tolerance ATOL, RTOL, and the step-size ho be given. Set i := 2.

1) Solve the system
2 2
(5.1) AN ajamig =hi Y Baf(tijiwiog),
§=0 3=0

or (4.9) or (4.11) for z;, where the parameters «;; and (;,; are chosen to
provide a second order two-step scheme (including the ITR with as; =

B2 =0).
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Compute
2K; 2k2
di:hi.( L f(ts,w) — 26 f(ti1, mi L f(tig, T )
Hi+1f( z;) — 26 f (ti-1, @ 1)+m+1f( 2, Ti—2)
and componentwise (for v =1,...,n)

[3] ; (3] (4] _
(52) eemt { le if C; dzu > ¢ (d Ky dz l,l/)a

[3]dZ v+ 6[4](d1 v —Kk3di—1,) else.

Depending on the problem setting and the available information define

(5.3) a) e == (A — BoiJi) 5" and & =,
(5.4) b) e; := (5" and 3 := Aw,

or, for DAEs only,

(5.5) c)e; := A5 and & := Pax.
Compute componentwise (for v =1,...,n)

TOL,, := ATOL + RTOL - |Z; , |.

Apply a control strategy, c.f. [14], [28], [29], [32], predicting the new step-
size hpew to match the tolerance multiplied by a safety factor 6, say 6§ = 0.7.
For example, apply the elementary control (eC),

1
hnew . e'TOLV p¥l
(5.6) ‘= min () ,
,n

h’i l/=1,... |6iV|

the proportional integral control PI34 [14],
4
hnew . 0 - TOLy ‘ez 11/|
5.7 = }
e e g {(FE0 ) < 0]
=04
. (0 TOLV) <9 TOLl,> 1}
= min .
v=1,...,n ‘ezyl |e’b 1V|

or the digital filter H211b [28],

1 1 1
hnew . 0 -ToL, \ @D /6 .TOL, \ ?@FD [ h; 1\ ?
5.8 = { - oV }7
( ) h; V:Irll}.r.l.,n < |€i7y| ) < |ei_1,]/| ) < h; )

in each case with p := 2 (the order of the scheme). After step rejections
the control should be restarted by using the elementary control.

If |e; | < TOL, for all v = 1,...,n, then accept the step. If ¢; > T then
stop, else set i := i + 1, h; := hpew and go to 1.

If |e; | > TOL, for at least one component v € {1,...,n}, then reject the
step and repeat it with the smaller step-size, i.e. set h;:=hpe, and go to 1.



24 T. SICKENBERGER, E. WEINMULLER AND R. WINKLER

6 Numerical experiments.

The strategies discussed in the previous sections have been implemented for
the ITR and the BDF5 and tested extensively on a set of ODEs and DAEs. By
means of three model examples we now illustrate how the procedure performed.
We start with a simple test problem where the exact solution is known and hence
we can access the exact errors. We compare the results of the above algorithm
with those where the extended local error estimate (5.2) has been replaced by
the simpler formula ¢;, := CES] d; ., see Remark 3.1. In both cases the elemen-
tary control (5.6) with 6 = 0.7 is used. Moreover, we report on results from runs
with two additional control strategies (5.7) and (5.8) which can be implemented
by changing only a few lines of the code. Our second example is the so-called
”Brusselator”, a two dimensional nonlinear system exhibiting periodic solutions.
The third test problem is a low-dimensional electronic circuit model. In all ex-
amples the scaling of the local error estimates is set according to (5.3).

ExXAMPLE 6.1. Consider the scalar initial value problem

(6.1) ' (t) = Ma(t) —g(t) + ¢'(t), x(0) =g(0), t€][0,10],

where g(t) = sin(¢) and A = —100. TIts solution g is displayed in Figure 6.1.

solutiqn X ‘ ‘ ‘

0 1 2 3 4 5 6 7 8 9 10

Figure 6.1: Solution z(t) = g(t) = sin(t) of (6.1).

Figure 6.2 gives simulation results for the BDFy computed without (top) and
with (bottom) the extension (3.1). The tolerance parameters were set to ATOL =
RTOL = 107%. In each case we display the accepted step-sizes (connected by
a solid line), the rejected step-sizes (indicated by crosses (x)), the tolerance
(dotted line), the local truncation error estimates (solid line), and the true local
error z(t;) — = (dashed line). The use of the extended formula is indicated by
crosses (x) in the dotted line for the tolerance. Similar figures of simulation
results for the ITR can be found in [26].

We observe that the error estimate (1 — Bp,;\)714; = (1 — ﬁo7iA)_lc£3]di de-
creases significantly when the third derivative of the solution tends to zero at
t=mn/2+4kmr,k=0,1,.... At these points the step-size becomes unreasonably
small. Consequently, more rejected steps, and even twice rejected steps result
for both schemes. The BDF5 method requires generally smaller steps than the
ITR due to its larger error constant. This behavior can also be observed for
lower tolerances. By using the extension (5.2) the error estimate is prevented
from vanishing and the predicted step-sizes are well related to the actual size
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Figure 6.2: Step-size and local error estimate (1—80,;\) ™ *¢; (top), and (1—Bo;A) "1 €5
(bottom), respectively, for the BDF; .

of the local error. The unnecessary step rejections are avoided. In all following
experiments we use the extension (5.2).

Next, we compare the performance of the code for three different control strate-
gies specified by (5.6), (5.7), and (5.8) with b = 6, which have been implemented
for the ITR and the BDF5. The results displayed in Table 6.1 have been com-
puted for the tolerance parameters set to ATOL = RTOL = 107°. The numbers
reflecting the performance of the control strategies are the sum of accepted and
rejected steps, the ratio of rejected to accepted steps, and the maximal global
error. For this simple problem whose solution is very smooth, we do not observe
any significant differences. Both, for the ITR and for the BDF5 the elementary
control uses fewer steps at the price of larger global errors. The proportional
integral control (5.7) and the digital filter (5.8) with b = 6, need nearly the same
number of steps. In the following test runs we use the proportional integral
control (5.7) with § = 0.7.

EXAMPLE 6.2. We now consider a two-dimensional system called Brusselator,
cf. [16], a mathematical model for a certain chemical reaction,

o (t) = 14 22 (t)xa(t) — a1 (1),
2y (t) = 3wy (1) — 27 (t)wa(t),
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Table 6.1: # steps: accepted + rejected and global errors

Controller ITR BDF,

# steps global error | # steps global error
eC 96+13=109 2,23x1075 | 132+10=142 2,83x107°
PI34 106+12=118  1,33x1075 | 139+9=148 2,13x1075
H211b,b=6 | 1014+15=116 1,55x107° | 136+11=147 2,18x107°

with initial values #1(0) = 1.5, 22(0) = 3 and ¢ € [0,12]. The solution compo-
nents are plotted in Figure 6.3. We have executed the described algorithm with

— —— solution X H
_ solution X,

12

Figure 6.3: Solution components for the Brusselator.

the local error estimate (5.3), the control (5.7), and different values for the tol-
erance for both the ITR and the BDF5. In Figure 6.4, we display the step-sizes,
the error estimate, and the tolerance for the BDF5. The results for the ITR can
be found in [26].

As one would expect, the step-size decreases significantly in regions where
the solution changes more rapidly. Many step rejections are observed when the
step-size has to be significantly reduced. It is not easy to prevent this behavior,
because the step size proposed by formula (5.6) is, apart from the safety factor 6,
increased after an accepted step. A more pessimistic choice of the safety factor
0 can help to prevent these step rejections, but it enhances the overall number
of steps. The ratio of rejected to accepted steps becomes smaller with smaller
tolerances.

Another option is to set # = 1, but allow errors in individual steps to be slightly
larger than the tolerance, i.e., satisfy |e; | < 6 - ToL, with a factor 6 > 1, say
6 = 1.5. This approach corresponds to the algorithm proposed in Section 5.2
with the modified data, TOL := 6='roL and 0 := 1.

EXAMPLE 6.3. As an example for a system of DAEs we consider the model
of a resistor-capacitor (RC) generator proposed in [34]. It can be used to trigger
an electric oscillation by varying the capacities. The equivalent circuit diagram
is given in Figure 6.5. The resonance frequency of the RC generator depends on
the amplifier V', the resistances R; (i = 1,2) and the capacities C; (i = 1,2). By
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X X XX e

10k
— local error estimate |3
TOL ]

0 2 4 6 8 10 12

|
108 st‘eps + 8 rejected | rejected
t

X

> > X

x

— local error estimate
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0 2 4 6 8 10 12

Figure 6.4: Brusselator: Step-size and local error estimate for the BDFs,
RTOL = ATOL = 10™2 (top) and 1073 (bottom).

Kirchhoff’s Law we have

Cgull + (G1 + GQ)ul — Giuz = 0,
(62) C’lu'Q — 0111:/3 + G1U1 - G1U3 = 07
f(ul) — U2 = 0,

where u1, us and us are the voltages at the corresponding nodes, see Figure
6.5, G; = R;l, i = 1,2, and f is the characteristic of the amplifier V. We set

Cy s
|
I

Ry

Ry

{95
4
S
<

Figure 6.5: The RC generator circuit.
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f(u) = arctan(5u), C; =1 [F] and G; =1 [1/9], (i = 1,2) and obtain

/

1 0 0 U1 —2U1 + us 0
(63) 0 1 -1 U2 — —u1 + us = 0
0 0 O U3 —arctan(uy) + usg 0
—_———
=A
Therefore
0 1 0
ker A =span{| 1 |}, imA=span{| 0 |, 1 |}

1 0

o

In this example the matrix A is a projector itself. Hence we may choose the
projectors as follows: P =1 —@Q = A = I — R. The generalized inverse A~
is given by A~ := A. Consistent initial values have to satisfy the constraint
u2(0) = f(u1(0)). The solution for the consistent initial value uq(0) = 0.4,
u2(0) = f(u1(0)) = arctan(0.4), u3(0) = 0.6 on the time-interval J = [0, 12] is
given in Figure 6.6. Simulation results for two different values of the tolerance,

0 2 4 6 8 10 time t

Figure 6.6: Solution components for the RC generator circuit.

ATOL = RTOL = 1072,1073, the local error estimate (5.3), and the control (5.7)
for the BDF4 are presented in Figure 6.7. Again, results for the ITR can be
found in [26].

7 Conclusions.

In the present first part of the paper Defect Correction principle has been used
to derive error estimation formulas for the discretization error of the numerical
solution of ODEs and DAEs. The main focus of the work was to construct the
error estimates in such a way that they require only very moderate smoothness
of the analytical solution to work. We investigated how the local error of a multi-
step scheme relates to a computable defect obtained by inserting the numerical
solution provided by this scheme into a companion multi-step scheme of different
(or the same) order. It turns out that those two quantities differ, up to the
higher order terms, by a multiplicative constant. Consequently, a properly scaled
defect may serve as an asymptotically correct estimate of the local error. The
estimates derived here, have been implemented for second order schemes and
their performance has been illustrated by means of numerical experiments. The
present investigations were mainly motivated by stochastic differential equations
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0 2 4 6 8 10 time t

Figure 6.7: RC generator circuit: Step-size and local error estimate for the BDFs,
RTOL = ATOL = 1072 (top) and 10™2 (bottom).

with small noise and constitute a theoretical basis for a forthcoming paper in
which this class of problems will be discussed. However, the moderately smooth
ODEs and DAEs are interesting in their own right and therefore the results of
this paper may be also of interest in applications.
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